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A method of modeling heat- and mass-transfer problems with boundary 
conditions of the second and third kinds i} described. Simplified model 
circuits are presented. 

1. We cons ider  the sys t em of d i f ferent ia l  t r a n s p o r t  
equations given in d imens ion l e s s  p a r a m e t e r s  [1,21, 

OT O 0 
= v Z T + K o *  - - ,  

aFo OFo (1) 
OO 

- Luv~O q- Lu Pnv=T. 
0 Fo 

We a s sume  that the n o r m a l  heat and m a s s  fluxes at any 
point of the sur face  and any momen t  of t ime  have been 
de te rmined ,  i . e . ,  the Kirpiehev n u m b e r s  Kiq(Xs; Ys; 
Zs; Fo) and Kim(Xs; Ys; Zs; Fo) a re  given. In this 
ease ,  the boundary condit ions of the second kind take 
the form 

OT 
ON = - -  Kiq, 

a 0 aT (2) 
--+ Pn Ki~, 
ON ON 

whence the n o r m a l  der iva t ives  of T and | at the s u r -  
face 

- -  Kiq; ( - -  Pn Kiq - -  Ki m. ( 3 ) 

This means  that if we cons t ruc t  an e lec t ron ic  model  
with two RC networks  [3], the e l ec t r i c  c u r r e n t s  i 1 and 
i 2 wil l  be given at the boundar ies  of these  networks .  
These c u r r e n t s  may be expressed  as follows: 

(gradv). _ v *  

i-~ (grad ta). ,_- w_~* (Pn Ki o + Ki.~) N, 
R2 Rzl 

(4) 

where N = n / l  is the d imens ion l e s s  outward no rma l .  
(Here, ff is the n o r m a l  to the sur face  of the s imula t ed  
object.  ) 

The cu r r en t s  can be crea ted  by applying high vol t -  
ages v c and w c f rom a po ten t iomete r  a c r o s s  the high 

r e s i s t a n c e s  Rbt and Rba: 

~1 - -  U c - U s  , i 2 _ _  ~ c - - m s  

Rb, Rb: 

Since Vc >> Vs and We >> Ws, il = vc/Rba,  i2 = wc /Rb  2. 
If Kiq and Ki m depend on Fo, the vol tages  v e and Wc 
mus t  s i m i l a r l y  depend on r e- 

If the effect of the t e m p e r a t u r e s  and m a s s - t r a n s f e r  
potent ia ls  at c e r t a in  points  of the body on the flows 
through the sur face  Jk and Jm is known, then by m e a n s  
of a sys t em of ampl i f i e r s  it i s  poss ib le  au tomat ica l ly  
to change the values  of the vol tages  vc and wc, and 
thereby c rea te  the n e c e s s a r y  i l  and i2 at the boundary  
of the model .  

If we c rea te  e l ec t r i c a l  models  of the flows and the 
boundary  l a ye r  for a porous  body in  which the e l ec -  
t r i c a l  c u r r e n t s  il and i2 + (C/(C 1 + C))il a re  analogs of 
jq and Jm, it follows that by the s imple  contact  of con-  
ductors  with the sur face  of the model  we can rea l i ze  
the boundary  condit ions of the fourth kind (see [4]): 

Ts, = T~,; 0~, = Osz. 

]q, =/q,; ira, = 1==- 

2. We cons ider  boundary  condit ions of the th i rd  
kind, when the coeff ic ients  of heat  and m a s s  t r a n s f e r  
aq and C~m vary  only sl ightty over  a c e r t a i n  per iod  of 
t ime and can be a s sumed  constant :  

( ~ - N ) s  - ( 1 - e ) K ~  

(5) 
0 ~} 5T 

We f i r s t  cons t ruc t  a model  of the boundary  condi-  
t ions for the speciaI  case 

Here ,  the heat  flow through the sur face  (8T/ON)s 
is  de t e rmined  only by the di f ference be tween the a m -  
bient  and sur face  t e m p e r a t u r e s .  

We connect  to points  on the sur face  of the e l e e t r i -  
eal  model  the boundary  r e s i s t a n c e s  Rbt for ne twork  I 
and Rba for network III (the o n e - d i m e n s i o n a l  ease  is 
r e p r e s e n t e d  in  Fig.  1). On the ba s i s  of Kirchhoff ' s  
law, we have 

1 Ov _ v ~ -  v~ ," 1 O w  w ~ - - w ~  ( 6 a )  

RI One Rb~ R~ On~ Rb~ 
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We wri te  (6a) in d imens ion l e s s  coordina tes ,  i n t r o -  
ducing the Blot n u m b e r s  

Biq = RlldRb, and Bi m = R2le/R b~" 

In these  c r i t e r i a ,  the specif ic  r e s i s t a n c e s  RI and R z 
(Mohm. m) a re  r e f e r r e d  to uni t  volume of the conduct-  
ing medium and Rbl and Rba (Mohm" m 2) a re  r e f e r r e d  
to uni t  sur face .  Also in t roducing the d imens ion l e s s  
potent ia ls  V = v /v*,  W = w/w* and the d imens ion l e s s  
normal ,  we wri te  the boundary  condi t ions  in the form 

aW 
OV + B i q ( y ~ _ y ~ ) = O ;  ~ + B i  m(W s - W c ) = O .  
ON 

These condit ions should coincide with the boundary 
condit ions (6) of the s imula ted  object ,  for which the 
equat ions 

Biq -- aq l _ Rll~ a~ l R2 le 
Xq -- Rb, ; Bim . . . . .  Xm Rb~ 

mus t  be sa t is f ied.  

(7) 

We now tu rn  to the genera l  case  of e l ec t r i c a l  s i m -  
u la t ion  of the boundary  condit ions (5). It is  not pos-  
s ible  to proceed by cons t ruc t ing  a model  of these con-  
d i t i onsby  connect ing ce r ta in  r e s i s t a n c e s  with a constant  
potential  at the ends,  as we did with the boundary  condi-  
t ions (6). However, we can proceed by s imula t ing  not 
the potent ia ls  T and | but the funct ions  go and r in the 
l i n e a r  combina t ions  

T = a ~  + b ~ - + - T  e, 

o =~p + , r  + o~, (8) 

where a and b a re  ce r t a in  cons tant  coeff ic ients .  
This t r a n s f o r m a t i o n  does not change the fo rm of 

the s t a r t i ng  di f ferent ia l  equat ions (1). If, however,  
we subs t i tu te  (8) into the boundary  condit ions (5), 
se t t ing  

[a, b =  [Bi m - -  Biq - -  ( 1 - -  8) Ko Lu Bi,~ Pn _+]• 

x =[Bi.~ - -  Biq - -  (1 --8) Ko Lu Bi.~ Pn] ~ - -  

.--4(1 - -s )  KoLuBiqBi~ ] ->~(2 PnBiq)-', (Sa) 

(the plus s ign co r r e sponds  to a, the minus  s ign to b), 
it  is  seen  that the boundary  condit ions for go and 
take a form analogous to condit ions (6), and they can 
be s imula ted  by connect ing  r e s i s t a n c e s  Rbl and Rba 
at the boundary~ For  example,  in the one -d imens i ona l  
case, the model is represented by the circuit in Fig. i. 

Substituting (8) into (i), we obtain the dimension- 

less differential equations in go and r 

,o oj2.Te: T.. T T T,  

Fig. 1. E lec t r i ca l  model  for s imula t ing  the bound- 
ary  value p rob lem of heat and m a s s  t r ans fe r .  

Thus, the p rob lem has been  reduced to the so lu-  
t ion of Eqs. (9) with boundary  condi t ions  analogous to 
(6). The e l ec t r i c a l  p a r a m e t e r s  Rl, Ra, C1, Ca, C 
should be selected so that 

* ~ " A2 Cw* 
A1 = RI (c1 + 0 z~ ' ( q  + 0 v ~ ; 

A~ RI (CI + C) , A~= Cv* 
R~ (c~ + c) (c~ + 0 w* 

In conducting the exper imen t ,  there  is no need to 
m e a s u r e  s epa ra t e ly  the aux i l i a ry  va r i ab l e s  go and 
and then ca lcula te  T and O f rom Eqs. (8). It is s i m -  
p le r  to a s s e m b l e  a m e a s u r i n g  c i r cu i t  in which quan-  
t i t ies  p ropor t iona l  to go and $ are  summed  and thus 
m e a s u r e  the quant i t ies  T - Tc and | - | d i rec t ly .  

Obviously,  by this  m e a n s  one can find a and b not 
for any s i m i l a r i t y  c r i t e r i a  Biq, Bim, Lu, Pn, Ko and 
e, but only for those for which the rad icand  in (8a) is  
positive~ 

3. The c r i t e r i a  Lu, Pn,  and Ko* depend only on the 
the rmophys ica l  quant i t ies ,  and, in the model ,  on R1, 
R2, C, CI, C2, v* and w* [3]. To s impl i fy  the c i rcu i t ,  
some of the e l ec t r i ca l  p a r a m e t e r s  can be set  equal to 
zero. 

We can take: a) C 1 = 0; or  b) C 2 = 0. (C 1 and C 2 can-  
not be s imul t aneous ly  equal to zero,  s ince ,  in this 
case,  the denomina to r  of the Lu n u m b e r  would vanish.  ) 
For  these two specia l  cases ,  a) and b), we have  two 
cor respond ing  s impl i f ied  model  c i r cu i t s ,  which a re  
shown for the one -d imens iona l  p rob lem in Fig.  2. The 
s i m i l a r i t y  c r i t e r i a  take the form 

a) L u =  R1C b) Lu RI(CI+C)  ~" 

R~C2 R~CC1 

W* w*C 
Ko* = - - ,  Ko* = 

v* v* (q  + O "  

Pn R2v* Pn = R2Cv* 
R1 w$ ' R1 (61 -}- C)w*" 

o e  o ,  
8A, V2 r + A,~ . . . . . .  OA1 ' 

O~ _ A a v ~ p q _ A  4 O~p 
OA1 OA1 

(9) 

where the new c r i t e r i a  A 2, An, and A4 are  expressed  
i n  t e r m s  of a, b, L u, Pn,' Ko*, and the c r i t e r i o n  A1 
is  p ropor t iona l  to Fo. 

Fig. 2. Special cases of electrical circuits for simulat- 

ing problems of heat and mass transfer. 
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Hence, i t  is c l ea r  that, in c i r cu i t  a), the Ko* n u m -  
be r  does not depend on the d i s t r ibu ted  e l ec t r i c a l  pa-  
r a m e t e r s  but only on the sca les  of the e l e c t r i c a l  quan-  
t i t i es  v* and w*. Therefore ,  if Ko* is ve ry  smal l ,  then,  
in conducting the exper imen t ,  the voltage w should be 
ampl i f ied  before  the m e a s u r e m e n t s  a re  made.  In c i r -  
cuit  a), the physica l  s igni f icance  of the Lu n u m b e r  is  
p a r t i c u l a r l y  apparent :  this  c r i t e r i o n  is  equal  to the 
ra t io  of the t ime  cons tants  of the ne tworks  RIC and R 
RaC2. 

Knowing the ra t io  of the specif ic  r e s i s t a n c e s  and 
capac i tances ,  

R_~2 = Pn Ko* and C = Lu PnKo*, 
RI C2 

we can se lect  sui table  t ime cons tan ts  of the two ne t -  
works R1C and Ra(C + Ca). 

The d imens ion l e s s  heat  and m a s s  f luxes a re ,  r e -  
spect ively ,  equal to 

El EIRII ~ i-rot R~Ir 
)-q = ~ : t * - -  v* ; 7 ~ =  ~,~O* w* (q+i=) '  

i. e . ,  the e Iec t r i ca l  c u r r e n t  i l  s imu la t e s  both the heat  
flux and the m a s s  flux due to t h e r m a l  diffusion. 

4. It is c l ea r  f rom Fig.  1 that the c i r cu i t  is s y m -  
m e t r i c a l ,  in the sense  that it  is  poss ib le  to exchange 
the ro les  of ne tworks  I and II, and if we cons t ruc t  an 
e l ec t r i c a l  model  for c e r t a i n  va lues  of the s i m i l a r i t y  
c r i t e r i a  For, Lul, Pnl  and Ko~, we find that the same  
model  can a lso  se rve  for s imula t ing  some other p r o b -  
lem with s i m i l a r i t y  c r i t e r i a  Fo2, Lua, Pnz and Ko~. 

Equations (1) can be wr i t t en  in the form 

OT~ 
-- (1 + Ko~ Lul Pn~) V2T1 + Lu~ Ko~ V~@~, 

OFol 

a o1 = Lu 1 Pnt V ~ T~ + Lu~ V 2 @1. 
0 Fol 

The equat ions  for the s i m i l a r i t y  c r i t e r i a  with sub-  
s c r ip t  2 a re  wr i t ten  analogously.  

We exchange the ro l e s  of T land |  |  Then, 
the indicated  pa i r s  of equat ions  wil l  coincide ident ica l ly ,  
if the coeff ic ients  

Fo~ Lu~ = (1 + Lu~ Pn~ Ko~) Fo,; Fo 2 Lu 2 Pn2 = Lu, Ko~ Fo,; 

Fo2 Lu= Ko; = Lul Pnl Fol; F% (1 + Lu2 Ko~ Pn2) = Lul Fol. 

coincide.  
We in t roduce  the s i m i l a r i t y  c r i t e r i o n  used in ana -  

lyt ic ca lcu la t ions  [1]: 

1 + Pn Ko*. ~=Cdu 

Then, 

1 

1 1 
pn~=Ko~ - - ;  F % = F O l - -  

h h 

(10) 

We cons ider  the analogous duali ty of the problem for 
e l ec t r i c a l  models  (see Fig.  1), in this  ease,  the ro les  
of networks  I and II are  in te rchangeable .  In one ease,  

e Ko~ C w* 
Vo~ R~(c~ + c) l~o (cl + c) v* ; Pnl . . . .  

In the other,  

F o  2 T e 
G (G + c) l~ ; Ko; .... 

In e l ec t r i c a l  p a r a m e t e r s ,  the c r i t e r i o n  ~ takes the 
fo rm 

R~ (G + C) 

= ~ (G + C) 

and all of r e l a t i ons  (10) r e m a i n  in force.  The c r i t e r i o n  
is equal  to the ra t io  of the t ime cons tan ts  for ne t -  

works  I and II. The RC network cons t ruc ted  for s i m -  
u la t ing  the p rob lem is sui table  for  model ing a field 
not only with given Lu number  but a lso with Lu ~2 in 
the dual p roblem.  By va ry ing  the vol tages v* and w*, 
it is  poss ib le  to va ry  the Pn  and Ko* n u m b e r s ,  but 
only in such a way that the i r  product  Fe = Pn  Ko* r e -  
m a i n s  constant .  The e l ec t r i c a l  model  of heat  and mass  
t r a n s f e r  is  c ha r a c t e r i z e d  by two s i m i l a r i t y  c r i t e r i a ,  
for example ,  Lu and ~. 

NOTATION 

t is  the t e m p e r a t u r e ,  ~ 6 is  the m a s s  t r a n s f e r  po- 
tent ia l ,  ~ Xq and k m are  the t h e r m a l  and m a s s  con-  
duct iv i t ies ,  r e spec t ive ly ;  e is  the ra t io  of the change 
of m a s s  due to phase t r a n s f o r m a t i o n  to the total  change 
of m a s s ;  1 is  the c h a r a c t e r i s t i c  l i nea r  d imens ion ;  Fo is  
the F o u r i e r  number ;  Lu is  the Luikov number ;  Pn is  
the Posnov n u m b e r ;  Ko* is  the modif ied Kossovich 
number ;  t* and 0* a re  the c h a r a c t e r i s t i c  t e m p e r a t u r e s  
and m a s s  t r a n s f e r  potent ial ;  r is  the t ime;  v* and w* 
a re  c e r t a i n  specif ic  potent ia l  d i f fe rences ;  C1, C2, and 
C a re  in /~F/ma;  R1 and R2 a re  the specif ic  r e s i s t a n c e s  
and capaci tances  of the sys t em of conduct ing media ,  
M o h m . m ;  r e is  the model  t ime,  sec; Rbt , Rba a re  the 
boundary  r e s i s t a n c e s ,  Mohm. mZ; n e is  the n o r m a l  to 

the model  sur face ;  T = t / t* ;  | = 0/0". The subsc r ip t  
s r e l a t e s  to a sur face  point; c co r r e sponds  to a pa-  
r a m e t e r  of the med ium.  
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